Viscous flow through a symmetric wavy channel filled with anisotropic porous material is investigated analytically. Flow inside the porous bed is assumed to be governed by the anisotropic Brinkman equation. It is assumed that the ratio of the channel width to the wavelength is small (i.e. δ 2 1). The problem is solved up to O(δ 2 ) assuming that δ 2 λ 2 1, where λ is the anisotropic ratio. The key purpose of this paper is to study the effect of anisotropic permeability on flow near the crests of the wavy channel which causes flow reversal. We present a detailed analysis of the flow reversal at the crests. The ratio of the permeabilities (anisotropic ratio) is responsible for the flow separation near the crests of the wall where viscous forces are effective. For a flow configuration (say, low amplitude parameter) in which there is no separation if the porous media is isotropic, introducing anisotropy causes flow separation. On the other hand, interestingly, flow separation occurs even in the case of isotropic porous medium if the amplitude parameter a is large.
Introduction
The transport of viscous fluid through porous media has drawn the attention of many researchers due to various applications in fields like ground water transport, oil recovery processes in the petroleum industry, flow through packed beds, filtration process and several other areas [1] . Recently, flow through porous media has received much attention due to its potential role in geological carbon dioxide (CO 2 ) storage [2] . Thermoconvective instabilities in fluid-saturated porous layers are studied extensively due to their potential use in geophysical and biophysical applications [3] [4] [5] . In some specific situations (like the flow inside aquifers) the anisotropy of the porous medium enhances the convective mixing and favours storage of carbon dioxide inside the aquifer [6] . Anisotropy may enhance the dispersion and diffusion significantly inside porous materials [7, 8] . The impact of anisotropy on convective instability inside porous media was studied by Chen et al. [9] .
One of the most distinct problems having a wide range of interest is flow through a wavy channel. The literature in this regard displays that a large number of studies have been attempted subject to various flow conditions, however, related to the clear flow situation [10] [11] [12] [13] [14] [15] [16] . Hence, in this regard, we review the developments in the case of clear flow followed by porous media flow. Accordingly, a primary focus could be on the flow separation phenomena induced by nonlinear geometries because such geometries are critical to mass transport [17] . Pozrikidis [18] contributed a numerical treatment to understand the pressure-driven Stokes flow in a wavy channel and showed the flow separation phenomena and circulation near the widest part of the channel for a specific combination of parameters such as wavelength and amplitude of the wavy wall. Laminar flow in a symmetric channel with slightly curved wall, was studied by Fraenkel [19, 20] . Forced convection in a wavy-walled channel was studied by Wang & Chen [21] . One may note that flow separation occurs generally when a local adverse pressure gradient is strong enough to change the wall shear stress or vorticity. For example, the studies by Pozrikidis [18] reveal such behaviour. The above studies mainly focus on free flow regions. In these studies, one may get a clear overview of the geometrical effect of the wall corrugations on the flow resistance, flow separation and pressure drop inside the channel. The waviness of the boundary also mimics a rough surface where the roughness effects are justified by a small-scale channel, say small aspect ratio micro-fluidic devices [22] [23] [24] . A numerical study dealing with roughness effect on heat transfer in a microchannel was studied by Croce & D'Agaro [23] . The surface roughness was controlled by choosing the shape of the peaks. The effect of slip length on vortex formation over a rough surface was studied by Niavarani & Priezjev [24] . Recently, flow through wavy channels attracted the attention in the mixing mechanism due to flow circulation near crests which enhances fluid mixing [13, 25, 26] . Sinusoidal channels are very often used in compact heat exchangers to increase the heat transfer enhancement inside the channel [27] . The flow separation phenomena inside a furrowed channel also affects dispersion phenomena significantly [15] . The effect of moving wavy boundaries on boundary layer flows and heat transfer was studied by Rees & Pop [28] .
Flow through wavy porous channels also attracted the attention of numerous investigators [29] [30] [31] [32] . If one considers flow through porous media, a flow separation can also be seen; however, an additional parameter may control this phenomenon, which is permeability of the porous matrix [33, 34] . For example, often flow inside capillaries is modelled while assuming the glycocalyx layer as a porous coating over the luminal tract [34, 35] . Flow in a wavy-walled channel lined with a poroelastic layer was considered by Wei et al. [33] . Feng & Weinbaum [34] studied fluid motion in the glycocalyx layer driven by moving blood cells and demonstrated that the low permeability enhances the degree of flow circulation. Flow through a wavy channel also has special interest in the geological context because it may represent an ideal packed fracture filled with porous material [2] .
Considering various applications of flow inside a wavy channel filled with fluid-saturated porous medium, there were attempts to understand the hydrodynamic phenomena and heat transfer inside such channels [29] [30] [31] [32] 36] . While the above studies deal with isotropic porous media, in many real-life problems the porous material are anisotropic in nature with varying permeability in the horizontal and vertical directions [37] . The orientation and shape of the asymmetric grain forming the porous bed can cause anisotropy. Studies involving geothermal activity, and ground water flow through sediments and anisotropic rocks are found in the literature. For example, Kvernvold & Tyvand [38] studied nonlinear thermal convection through anisotropic porous media assuming that the permeabilities are different along the three principal axes. The effect of anisotropic permeability on thermal boundary layer flow inside porous media was studied by Rees et al. [39, 40] . [41, 42] . Another important application is in groundwater motion especially inside anisotropic porous rocks or sediments. Most of the sediments are anisotropic in nature and this is due to the formation of soil grain of different shape in different directions. It is observed that most of the previous studies involving a plane channel or wavy channel are done considering flow through isotropic porous media. Flow separation induced by an anisotropic effect is an interesting topic to be considered and the same is not yet explored. Correspondingly, the primary focus here is to understand the effect of anisotropy on the flow reversal phenomena inside a wavy-walled channel.
In this paper, we discuss the effect of the anisotropic permeability ratio on flow reversal. The works by Feng & Weinbaum [34] , Wei et al. [33] give some motivation to attempt this study. In the current study, our primary focus will be to discuss the flow separation phenomena in terms of permeabilities in the horizontal and vertical directions or rather in terms of the anisotropic ratio. We further analyse the flow separation that occurs even when the porous medium is isotropic, but in the case of large amplitude parameters.
Governing equations and boundary conditions
Two-dimensional steady flow of an incompressible fluid inside a symmetrical wavy channel filled with anisotropic porous material is considered (figure 1). The channel is bounded by two impermeable walls located at
We consider a channel with mean width b, an amplitude ba and wavelength L. We assume that the flow within the porous region is governed by the Brinkman equation together with the equation of conservation of mass given in [43] [44] [45] [46] 
Here, u * represents the superficial velocity vector, p * is the pressure, μ is the viscosity of the fluid and μ eff is the effective viscosity of the porous matrix. The estimate of the effective viscosity inside a porous medium is controversial. There are a large number of studies that show the dependency of μ on μ eff [47] [48] [49] [50] [51] . In order to avoid controversy and focus mainly on the effect of anisotropy inside the corrugation, we adopt the assumption μ = μ eff [1] . Considering the anisotropic nature of the porous medium, we have K as a second-order permeability tensor given in [43, 44, 46] 
where K 1 and K 2 are the permeabilities along the x-and y-directions, respectively. Let Q be the volumetric flow rate across the cross section which is given by
We introduce the non-dimensional variables as follows:
Here, δ denotes the aspect ratio of the channel, Da is the Darcy number which represents the ease with which the flow can percolate and λ 2 is the ratio of horizontal permeability to the vertical permeability, which can be referred to as the anisotropic ratio. However, in this study we pay attention to the parameter λ, which characterizes anisotropy, and present detailed analysis. Figure 1 . Geometry of the wavy-walled channel.
Correspondingly, the governing equations in terms of non-dimensional variables can be written in component form as
and ∂u ∂x 
Perturbation approximation
The task now is to solve the boundary value problem which is described in terms of governing equations and boundary conditions listed in equations (2.6)-(2.11). A perturbation method can be used to find the approximate solution for problems involving a wavy channel [10, 11, 31, 33] . Correspondingly, we assume that the aspect ratio of the channel is small, i.e. δ 2 1, and this allows us to apply perturbation theory. Accordingly, with respect to the small parameter δ 2 , we use the following expansion for velocity and pressure:
The first-order correction is δ 2 because no terms of order δ appear in the governing equations and the boundary conditions. The flow field is solved by collecting the similar powers of δ 2 . We compute the flow field up to O(δ 2 ). 
Solution of the hydrodynamic problem (a) The leading-order problem
For the leading-order problem, the governing equations (2.6)-(2.8) are
The corresponding boundary conditions at y = B 1 (x) are The solution of equation (4.1) subject to the above boundary conditions is given by
and
The constant volumetric flux condition
evaluates the pressure gradient as
where
Equation (4.9) helps us to obtain
which shows that v 0 (0) = 0 is identically satisfied. Using the equation of continuity, one can obtain 14) where the function b 1 (x) can be obtained by using the boundary condition v 0 = 0 at y = B 1 (x) and is given by
When the Darcy number is relatively high (say Da ≥ 1), flow inside a porous medium resembles that of a clear flow situation. Hence, our primary interest is when Da < 1 (i.e. α > 1). Note that in the case of the leading-order problem, i.e. for the unperturbed flow, the corresponding geometry does not reduce to a plane channel flow because of the parameter a. However, if a = 0, it reduces to the plane Poiseuille flow (see §8). In the case of the leading-order problem, the flow is characterized by the hydraulic resistivity term that contains α 2 .
The O(δ 2 ) problem
The governing equations corresponding to the first order are given by
Now, eliminating the pressure gradient from equations (5.1)-(5.2), we have ∂ ∂y
The general solution of the O(δ 2 ) problem is given by
where c 1 (x), c 2 (x), c 3 (x) are functions of integration and
The O(δ 2 ) system is subject to the following boundary conditions:
and the corresponding volumetric flow rate reduces to
The above boundary conditions solve the unknowns that are given by
12) 
Hence, the general solution of the hydrodynamic problem is determined up to O(δ 2 ) as
6. Hydrodynamic behaviour far from the wavy wall
Over the past few decades, several studies have considered flow behaviour near a wall where the viscous forces are effective. Brinkman [52] 
i.e.
From the volumetric flow rate balance, one can obtain the unknown pressure gradient as
Note that, for very low permeability or large α, we have α 1. Hence, from equation (4.11) one may get that
Hence, for α 1, from equation (4.10) one may get
Equations (6.4) and (6.7) show that far from the wavy wall, rather in the proximity of the centre of the channel, the flow shows a Darcy behaviour, which gives an agreement with the low-permeability porous media. Similarly, one can obtain the O(δ 2 ) velocity as 8) and consequently, balancing the constant volumetric flow rate across the cross section determines the unknown d 1 (x) as
The axial pressure gradient can be obtained from
As a result, one can obtain the axial pressure gradient (up to O(δ 2 )) corresponding to Darcy's equation as ∂p ∂x
Similarly, one may obtain the corresponding velocity (up to O(δ 2 )) as
Note that the second term in equations (6.11) and (6.12) contains the multiplier δ 2 λ 2 . We have assumed λ in such a way that δ 2 λ 2 1. Values of λ and δ considered for the present study are given in table 1.
Results and discussion
We have considered low Reynolds number two-dimensional flow through a channel bounded by two impermeable sinusoidal wavy walls filled with anisotropic porous material. The flow in the porous region is assumed to be governed by the anisotropic Brinkman equation in which the viscous forces are accounted for. This allowed us to consider the no-slip boundary conditions at the impermeable walls. Symmetry condition with respect to the x-axis is assumed. The vertical velocity at the x-axis is assumed to be zero, because the same is negligible there. It is assumed that the permeability is different along the principal directions. The permeability variations along these directions are controlled by the anisotropic ratio λ. For a fixed Da (Darcy number), an increase in λ causes reduced permeability in the vertical direction. When the amplitude parameter is less, say a = 0.3, for the isotropic case, the flow does not separate and the fluid flow mostly follows the curvature of the wall (figure 2). The case of the large amplitude parameter is discussed in detail in §8. It is found that the flow separation depends strongly on the anisotropic ratio of the porous material. In figures 2-5, the streamlines are shown for a = 0.3, δ = 0.3, Da = 10 −3 and varying values of λ. In figure 2 , the streamlines are plotted for λ = 1. One can easily observe from figure 2 that the streamlines in the upstream follow the shape of the wall. For a given value of Da, increase in λ enhances the anisotropic ratio. The flow separation phenomena can be interpreted easily in terms of the axial velocity, wall pressure gradient and wall shear stress. Figure 6 represents the axial velocity profile at the crest x = 0 for a given aspect ratio δ = 0.3, a = 0.3, Da = 10 −3 and various values of λ. The velocity at the centre is greatest due to the symmetry about the x-axis and zero at the wall to satisfy noslip. One can easily observe that the axial velocity does not change its sign for λ = 1, λ = 1.25. When λ = 1.5, the axial velocity is at the onset of sign change and eventually one can observe flow reversal. In case of increasingly larger values of λ = 1.75, 2, the axial velocity is negative near the crest and positive in the middle. Accordingly, the flow in the upstream fills most part of the crest and is uniform in the middle. The axial velocity profile for higher values of λ is distorted in such a way that the total volumetric flow rate across the cross section remains constant. Increase in λ indicates that the permeability in the vertical direction is decreasing. Hence, the flow experiences larger resistance and an adverse pressure gradient is developed at certain values of λ and, correspondingly, the shear stress at the wall changes its sign causing circulation. Figure 7 shows the variation of the pressure distribution across the wall. In the viscous layer (Brinkman layer), it is easy to see that the shear stress caused by viscosity has a retarding effect. However, one can deviate from this by the negative pressure gradient (sometimes called favourable pressure gradient). A positive pressure gradient which is sometimes called adverse pressure gradient has the opposite effect on the flow. When fluid finds it difficult to negotiate the developed adverse pressure gradient, flow reversal is triggered. Figure 7 shows the pressure gradient at the wall for various values of λ, with the other parameters being fixed as above. For relatively smaller values of λ, i.e. λ = 1, 1.25, the pressure gradient is negative throughout the wall. With increase in λ, the pressure gradient along the wall changes its sign from negative to positive, indicating an adverse pressure gradient forcing the flow reversal ( figure 7 ). If we observe figure 7 carefully, we see that when λ ≥ 1.5, the pressure gradient is at the onset of changing sign from positive to negative, which is consistent with the fact that the axial velocity also changes its sign from positive to negative (figure 6). One may observe from figure 7 that the pressure gradient changes sign and becomes positive at the crests, i.e. at x = 0, 1, 2, indicating that the flow reversal occurs at the crests of the wall. We now examine the shear stress distribution along the wall. Figure 8 represents the wall shear stress distribution for various values of λ. The medium becomes less permeable in the vertical direction for larger values of λ and hence the flow experiences larger resistance, enhancing the shear stress. This effect is felt more in the vicinity of the wall where the momentum is less. One can observe that the shear stress changes sign near the crests x = 0, 1, 2, which is consistent with the fact that the circulation is more near the crests. Figure 8 shows that the shear stress changes sign for λ ≥ 1.5, verifying the flow reversal phenomenon beyond λ = 1.5.
One may observe from figure 9 that in the proximity of the centre, the flow field satisfies the Darcy equation where the viscous effects are negligible and the Darcy effect dominates. This shows that there exists a thin layer near the wall in which the flow field satisfies the Brinkman 
(a) Flow reversal zone
Based on the calculations described in §6, one can express the axial velocity as
2)
3)
From equation (7.6), one may note that the axial velocity depends on several parameters, say, anisotropic ratio λ, aspect ratio δ, amplitude parameter a, etc. We draw the reader's attention to the circulation zone below the crest x = 0 of the wavy wall. In order to do this, let us consider the velocity at x = 0, given by
The circulation occurs near the crest when the velocity becomes negative, i.e.
(7.10)
So far, we have discussed the hydrodynamics in terms of the anisotropic parameters Da and λ. However, the anisotropic ratio λ would reveal the trade-off between anisotropy variations along the x-and y-axis. The range for y given in equation (7.10) suggests the flow reversal zone near the crest. We show a table where the flow reversal zones are indicated corresponding to various combinations of other parameters (table 1) . Figure 10 represents the enlarged view of the streamlines near the crest (x = 0). The flow separates at the widest part of the channel. Since Stokes flow is reversible, one can observe that separation is symmetric about the wall valley. The flow separation depends on the magnitude of the adverse pressure gradient. The flow near the crest in the vicinity of the wall gets immensely retarded by the wall shear stress, develops an adverse pressure gradient and eventually leads to a circulation zone near the hollow part of the wall. One can clearly observe from table 1 that, corresponding to λ = 1.75, the flow reversal zone is y > 1.16 ( figure 10) .
In figure 11 , we have shown the variation of the axial velocity near the crests (say x = 0, y = 1.2) with the anisotropic ratio (λ). For a given amplitude parameter a and aspect ratio δ, flow reversal at the crest occurs for a certain value of λ, sometimes referred to as critical anisotropic ratio (λ crit ); for example, when a = 0.3, δ = 0.3, λ crit ∼ 1.5.
In figure 12 , we have plotted the axial velocity at the trough of the wavy wall for various values of λ. The distortion of the velocity is opposite to the axial velocity near the crest. The velocity is higher near the wall of the channel than at the centre. This phenomena can be explained by the axial pressure gradient variation at the wall. Figure 7 explores this phenomenon in more detail. If we observe figure 7 carefully, we see that an adverse pressure gradient is generated near the crest; however, the flow in the trough is still driven by the favourable pressure gradient. As a result, the velocity near the wall becomes high, while the same is low near the centre of the channel to retain a constant volumetric flow rate. 
Some special cases
In case of unperturbed flow, a ∼ 0, implying B 1 (x) ∼ 1. Hence, 4) which is similar to the fully developed velocity (anisotropic case) obtained [45] . We also note that, in case of unperturbed flow (δ = 0, a = 0), if the permeability in the horizontal direction is very large then α 1, and
i.e. u 0 (y) ∼ 3 2 (1 − y 2 ), (8.8) which is nothing but the velocity corresponding to the plane Poiseuille flow. When the amplitude parameter a is very large, then even though the porous medium is isotropic, flow reversal may occur near the crest of the wavy wall. Figure 13a shows the enlarged view of the streamlines near the crest for λ = 1 and large amplitude parameter a. We see that two co-rotating vortices are formed near the crest. In figure 13b , one may observe possible flow reversal zones and the corresponding reason for the formation of two co-rotating vortices. For a = 0.8, λ = 1, the axial velocity changes its sign in two different regions, say, approximately x ∈ (0.6, 0.8) and x ∈ (1.2, 1.4) and, in between, the axial velocity is positive. Hence, one may get two co-rotating vortices near the crest. However, when a is low, say, a = 0.3 and λ = 2, no such situation occurs, since the velocity changes its sign only once in this region, say, x ∈ (0.7, 1.3). One can clearly observe from table 2 that, for the isotropic situation, the flow reversal may occur when the amplitude parameter a is very high. However, when a = 1, then the mean amplitude ba becomes the mean width of the channel and flow cannot pass through, which is not of any interest. In order to validate the results, we have compared the axial velocity profile near the crest (x = 1) and the trough (x = 0.5) for high Darcy number (i.e. Da = 100, λ = 1). We have observed that the results agree with those obtained by Wei et al. [33] (figure 14a). In the work of [33] , if the thickness of the wavy poroelastic layers are zero, the geometry reduces to the clear flow situation inside a wavy channel. In our current work, when the Darcy number is very high and λ = 1, the scenario resembles the clear flow situation inside a wavy channel. In figure 14a , we have compared these limiting cases. When the parameter a = 0, the configuration reduces to flow inside a plane channel; also the flow will be unidirectional and hence the anisotropy effect will not be present. However, for the plane channel the scenario reduces to the case that is obtained by Degan et al. [45] . In figure 14b , we have compared the calculated axial velocity with the one obtained by Degan et al. [45] and we see complete agreement.
Conclusion
We have studied the hydrodynamic problem of flow through a wavy channel filled with an anisotropic porous material. It is observed that the streamlines, velocity and other hydrodynamic quantities show a strong dependency on the anisotropic ratio λ. The analysis revealed that, in case of low amplitude parameter, changing vertical permeability or the anisotropic ratio λ causes flow separation. As a result, eddy structures are found near the crests of the wavy wall. Increase in anisotropic ratio increases the flow circulation zone. The circulating cells near the crest of the wavy wall are due to the Brinkman term. An interesting revelation is that in case of large amplitude parameters, separation is observed even if the porous medium is isotropic. For higher values of permeability, it reduces to Stokes flow inside a wavy channel. The observations made by us that circulation occurs near the crests may help one to understand an important practical problem, namely, CO 2 sequestration inside an aquifer. In such applications, anisotropy of the porous rock plays a vital role [58] . The supercritical (liquid) CO 2 is injected through a horizontal well inside an aquifer and the aquifer is permeable enough to allow the fluid through it. The circulation near the crest promotes the convective mixing which may prevent the leakage of carbon dioxide and favour storage safety [59] .
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